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Reca Spose urÉp_U has eigenvector Iu) with

eigenvalue ezltiy
-

- where l unknown . Goal of phase-out .
is to estimate f.
=

Input:(1) Black box performing controlled U " operation for jt 21,

b) eigenstate 117 of U with eigenvalue
,

and
-

""

÷.÷÷÷÷÷÷÷÷÷.in#........-i--+l3)t--h+Moglz-¥)) qubits initialized to 107

will be successful )
car

output: n - bit approximation
of % to %

.

→

Runtime 0/1-2 ) operations t
one call to hi black box

.
Succeeds w/

prob . 7- I - E .

•

-

(1) 107147 initialize state

(2) →
1-

2£ -1

OF [ i> in> create superposition
j=o
zt - I

(3) → [ , ;> hi / a) apply black box

i.o
-



=
2+-1

[ e "+ii!i,> Iu)
j :O
-

apply
in ne

-se
Fourier transform

14.1 - Ñu > In >
-0

1st → Ñu measure
first register

fxitiypartisthapplicat.in#
-

Carrying on with 5.3
.

. -

Can use phase estimation for order - finding problem and
for factoring problem .

( They - re equivalent

Step Back for a moment . Why does this matter ?

fseriou,eLat quantum more powerful than classical
,
and

potentially credible case against church - twig thesis?ust
intrinsically worthy problems anyways .

-[Practically , can break 125A encryption



10-rderfndiy-i.fr positive ×
,

N £21
,

✗ < N
,

-

- -

with no common Factors
.
the problem is to find the order

( ring)
of ✗ in Zn

•
In other words

, what is the least
positive

ns.t.x-r-1/modN ) ?
Classical : Hard problem , requiring polynomial resources in the
01L) bits needed to

specify problem when he flog / NM is -14 of

b.↳ needed to specify N .

-

what's the order of s in 21
, ,
? s.s.s.s.SI

Quantity Just phase estimation algo with unitary operator :
Uly) : lxylwudND
-

A little bit of work shows us that the states dead by

lust = ¥ Ée×p[ "Trish ] lxhnodlv) ,
I

integer
"ÉÉÉf u.s.nu

U / us> = ¥ Ée×p[-21¥ ] lxh" nod N )
hÉ

= e×p → which can give us r
out of

eÉi-) with minimal work from
there ,

losing phase estimation procedure)



To do that though , e
hare 2 requirements :

1.) Must efficiently implement controlled - U
"
operation foray jttl ,{

2.) Must efficiently pupa- eigenstate 1ns > with nontrivial eigenvalue
-

For 1.) → can do
" modular exponentiation

"

using 0117 gates
I see py 228 if interested#

For 2.) → trickier
,
s.hu

preparing lap requires we know r .

However
, it must be that

1- r - I

rr [ 1ns> = Ii> .

s~
Then

, we can ua phase estimation with first register as

1=-211-1-1 Fogt 2-1%77 and second register as just 1171

cnet.hu#hnwf=S/raurnatetoZL -11 bits w/

~

-

prob . 7- 4- t ) /r
--

This
gives an estimate 4 I Sir

,
but fin just an estimate .

But - know that e is rational
.
Thus,ifÉk nearest

✓

fraction to 4
, we might obtain r .

Can do this with continued fractious algorithm !

-
=



So
, contrdfsntiwsalgoi

Goal is to describe real ¥15 using integers alone , using

expressions of the form [ ao
,
. . , am] : a. +

1-

Spon retry
- ""÷÷÷µ\

Just
split

'

em up !

?÷ . 2-1 %
2 Mogul=u¥

.

= 2-1 = 2 -1¥, = 2-1

-

Fuses oÑTpeatiws
= 2-1

.

\ -ogp/it
tinerth

,
using 044 gates

for basic arithmetic .

Can the
quantum order - finding algo fail ?

No
. It's complicated , but no ,

see pg?"Hr the
hiHy gritty details of :#all .



At long last :xrr-ln.IN#at?QuantvmorderEdiyAlgori7h:-
d) Black box Ux

,
N performing lj > 1h>→ lj71ÉhmodN

)
,
for

X Co- prime to LubfrN
.

~

(2) t: 22+1+11%+4,11 qubits initialized to 10,7
-

b) l qubits initialized to II

O The least integer r >os.t.gr:1 (nod N ) .

Runtime 01L
' ) operations ,

succeeds w/ probability 0¥ '

1.) 10711T initial state .

2+-1

2.) → [ Ij> 11) create superposition -

j :O

3) → ¥ i ; >him.dN7 apply N

u:-O it

4- [ Ee" "i " liya ,
>

so i :O
-

%) → ¥ É / SIR ) In ,> apply inverse Fourier transform

5.) →
measure lstrgisk.

6.) ÷ measure
2nd register



Factoring turns out tube equivalent to order -finding

Reduction 1.) we can compute factor of N if we 'a-

-

find non - trivial xp ±lmodN
solution to

x

"

=
I nod N

.

2.) randomly chosen y co
-prime

with N has

order r ( likely to a event and sot
.

a-

y
"

21=1 nod N and this ✗Ey
" nodn is non-trivial

-
-

Soth to I:/ nod Ni
-

Redvctimkgo.tn
: compost_en⇒Out : how trivial factor

ofN '

Runtime : 0K10g NI
'
) operation , succeeds w/ probability

I

Algoi
& 1.) If N even .

return 2

-

2.) If N= af for a>
landb return a

3.) Randomly
choose X in range

1 to N - l
.

If 6 COCX.lu) > 1 ,
return 6014N)
-



4.) Use order. finding subroutine to find order r of ✗ nodN

si) it r is even and ✗
%
-1--1 /nod N) then compute

gcdlxr" -1
,
N ) andÑ Ifone of these

iiia factor
,

mtvm
Else , algorithm fails .

( Pt on

pg
234)

it helpful
←

AdditñalAppkiatio
Hidden Subgroup Problem -

encompasses
all

hm-hmiayfas-a-pp.lications of quantum fourier transform

6eneÉtimf finding unknown period of a
periodic

Function / where structure of domain tnaye may
be intricate .

-

speificirskanics.su
Penrod - finding

of a 1 -0in
.

function

- Discrete logarithms
-



period-f.ndig.is
pose
f is a periodic function producing asighebit as
-

output sit
. Let = FIA for unknown 0<r '

where 4 , -
t { 0, 1,2 , . . .

}
.

Given a quantum black box U performing
-

.
UH > 187 → Ix > 1g -10-11×1 )

luke ⑦ demotes 1- mod 2)
,

how many black box queries and other operations
needed to

determine r ?

-

Algo that
-

does it in one query with
o operations otherwise

:

periodfid.ly/Hyo:-
Inputs : 111 a black box pwtonuyoperation

Ulx > lyse txlly -1011×17 ,

hastate to store function evaluation ,
initialized to 102

(3) 1- = 01h + dog 11kt ) qubit, initialized
to 0 .

-

Out : The least integer r > o sit . flxtr
) = -11×1
-

Rmti One use
of U

,

OILY operations .

Succeeds 4

probability 0117 .

-



proiedureil.IO#7z+.,ihIialst-ate
2.) → ¥z+ [ 1×7107 create superposition

-

-

E- 1

"

÷
,

y 1-
mi 2+-1

f.zt [ [ e'
+ it" " / ×> 1f^(11)

" "

÷::::÷÷÷.÷4.) - ¥ ÉÑR> I -1^111) apply Kwa
Fourier to

s.la Ñlr measure
1st register

-

cont 'd fractions algor
6.)①

"
""
"

Y
, apply



S.4.zoiscretuhogarithnswhathapmmu.hnfunction is me complex?

Take Flx
, ,
✗e) = mod N

,

and find
ns.t.atn.IN -

- I

- PeriodicÑ flx
,
-11
,
✗ ~

- ls / = flxi , -121
-

Period is 2 - tuple 11
,
-1s ) for / c- 21 .

- Useful in cryptography
>

-sdua6kiu query of a quantum
black box U and

0¥44 other operations
.

- Algorithm is messy and
complicated , but takes exact saw

general form as before .

1.) Initiative 3q-st07

2.) Create superposition with
2 of their

3.) Apply U→• /complicated )
and finds one meaningful equality for

inverse Gorier transform

peppy man www..am
↳ first +

www.silmcasrefirsttnorgistv#
b.) ppFÉt'dfactmayo.-



5.4.3thttiddensubgrrppwble.ua
pattern is emerging -

if given a periodic function, even
a complicated

Éntum also s like the afar to efficiently determine

the period .

But not all periods of periodic functions can be

detoured .

General problem :
-

Let f be a function from finitely generated group
G to

a finite set ✗ such that f is constant on the covets of

a subgroup K
, and distinct on

each coset
.

Gien a

quantum black box performing the unitary

u /g) 1h> = 1g>1h + flop forge 6 , he ✗ ,

and I
-

the appropriate binary operation on X
,

find a generating set for
-

I.



Tabeawaysotchapk.rs:1/.WhnN=2h
,

the quantum Fourier transform

Nut

I ;) . Iii
,
.
. . .in) → ¥n[ euti '°¥ / k)

he :O

can be written

lj> → ¥40 > + e'
* io.in/1y)1oy+e2+i0.ih-

' in
1 , >1

. . .

- -

to>+ e-
* iO - ilia - " in 1 , >) & is implantable with ② (a) gates .
- -

2.) Phasefstinatrni Let 1h7 be
an eigenstate of operator U ul

-

eigenvalue eih" " I
.
Start.ly from 10 >

☒ +
In > t.g.vn ability to

perform U
"

for ht 21, one can obtain It> 1h7 , an
accurate

estimation of f. ( Up to flog /2 -1¥ ] bits with probability ? I - E
.

a-

3.) Orderfidig : order ✗ modulo N is least position ns.t.n/rmodNH .

computable in 01h31 operators using QP
.

E. for L - bit integers x and N .

-
-

4)
Factorize Prine factor of L - bit integer N can be found in0
Operations by reducing problem to find order of random number ✗

Co - prime with N
.

Hiddmsbbyrop : Generalizes allot those fast quantum algo
-


