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Introduction

How do we Interpret Data?

Data can be a fininte subset of RP.
. . §

What is the homology / the structure of the underlying space?
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Objective

Let P be an unknown persistence diagram and P be an estimate of P. J
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Let P be an unknown persistence diagram and P be an estimate of P. J

Question

How close is P to P ?
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Given a € (0,1), we want d, such that

P(P € {Ps: Woo Py, P) < 6a}) <1—av.
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Let P be an unknown persistence diagram and P be an estimate of P. J
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Given a € (0,1), we want d, such that
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Background SIEIEHT

Statistical Model

M is a manifold.

P is a probability distribution supported on M.

Observe data X1, Xp,..., X, ~ P.
Compute ©, = O(X, ..., X,)
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Background SIEIEHT

Computing a Confidence Interval

With Infinite Resources

Repeatedly sample n data points, obtaining:
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P(©,(M) € [0,¢%]) > 1 — a.
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Background SIEIEHT

Computing a Confidence Interval

With Infinite Resources

Repeatedly sample n data points, obtaining: 6, Tyens ,(:),77,\, via simulation.J

I o e e e o 1
(¢ 1-a)

0.8 1 ' 0.8

06 1 E 0.6

0.4 + E 0.4

0.2 + E 0.2 -

0 T T : f 0

0 0.2 0.4 0.6 0.8
Confidence Intervals

P(©,(M) € [0,¢%]) > 1 - «. }

B. Fasy (Tulane) Statistics and Topology 18 January 2014 6 /31



Background

Bootstrapping
When We Can Only Take One Sample

We have one sample:
Sp={X1,..., Xn} J
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obtaining: {X;,..., X’}
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Compute &% = O(X;,..., X%). J 02

I I I
Repeat N times, obtaining: i 02 g4 04 04
* 6"
nls- > Fn N

B. Fasy (Tulane) Statistics and Topology 18 January 2014 7/31



Background

Bootstrapping Example

Estimating Densities

P has density p.
Smoothed Density: p, = px Kp

A n x—X;
KDE: pn(x) = + 27 b K (12550).
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Background

Bootstrapping Example

Estimating Densities

P has density p.
Smoothed Density: p, = px Kp

A n x—X;
KDE: pn(x) = + 27 b K (12550).

©p = (VnhP|[Bh — phlloc)-
©7, = (VnhP||pj; — Palloc)-

Bootstrap Theorem [FLRWBS]

B(VahP 1By — prllse > 67 | X4, Xa) =+ O (v/1/n)
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RN Topology

Persistent Homology
A Pairing of Critical Values.
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Background

Persistent Homology
A Pairing of Critical Values.

Tracking H (f~1([t, 0))). J
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RN Topology

Bottleneck Distance

Given two persistence diagrams é
‘P and P, find the best perfect
matching between the point sets. e ¢

Birth

Minimize Cost
We wish to find
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Stability of Matchings
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o—Blle > Wal(P,P) }
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Putting It All Together

Bottleneck Stability Theorem

lp—Blle > Wu(P,P)
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Putting It All Together

Bottleneck Stability Theorem

p—Bllse > Wa(P,P)

Bootstrap Theorem

P(VoP| By — prlloo > 67) = a+0(V/i/n)

Confidence Sets for Persistence Diagrams

B(Wa(P.P) < - ) > 1-a-0(v1/n)

nhP

;
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Putting It All Together

Bottleneck Stability Theorem

p—Bllse > Wa(P,P)

Bootstrap Theorem

P(VrhP|Ipy — pilloe > 62) = a+0(/1/n)

Confidence Sets for Persistence Diagrams

B(Wa(P.P) < - ) > 1-a-0(v1/n)

nhP

;

Asymptotic Confidence Sets for Persistence Diagrams

. N qs
nler;OP(WOO(P,P)g\/’m_D) > 1-«
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Visualizing Confidence Intervals
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Visualizing Confidence Intervals
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e o DL AU
Density Function Examples

Uniform Distribution on Unit Circle
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e o DL AU
Density Function Examples

Uniform Distribution on Cassini Curve

B. Fasy (Tulane) Statistics and Topology

18 January 2014

15 / 31



e o DL AU
Density Function Examples

Uniform Distribution on Cassini Curve
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e o DL AU
Density Function Examples

Cassini Curve with Outliers
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e o DL AU
Density Function Examples

Normal Distribution on Unit Circle
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Density Function Examples

Normal Distribution on Unit Circle
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Methods

Distance to a Subset

dyi(a) = infyenm ||x — &
P1 = Dgm, (dx)
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Methods

Distance to a Subset

dyi(a) = infyenm ||x — &
P1 = Dgm, (dx)

P has continuous density p.
support(P) = M.
§,,:{X1,...,X,,}~ P

P = ng;(dgn)
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\EHTE  Distance Function

Subsampling

Confidence Interval from Subsampling [FLRWBS]

Assume that p(x) is bounded away from zero.
Then, almost surely, for all large n,

o~ 2d o |
IF’(WOO(Pl,Pl)>cn)§a+ +O< b ogn)

nlogn n
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Varying «
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\EHTE  Distance Function

Varying «
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\EHTE  Distance Function

Two More Methods

Sn = Sl,n |_| S2,n-

Theorem (Concentration of Measure)

There exists tem = tem(av, d, 0, S1.5) such that

R i | 1/d+2
P (Wao(P1, P1) > o) 5a+o(<°§”) |

Theorem (Method of Shells)

There exists ts = ts(ov, d, n, K, S1,5) such that

~ X | 1/d+2
P<WOO(P1,P1)>ts) §a+o((°i”> :
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These Methods are Different

Concentration of Measure

tem is found by solving the following for t:
2d+1 . p( ntdﬁl,n)
——exp | — =a
tdan 2

Shells

ts is found by solving the following for t:

2d+1 [CSRPN td'\
S / ivv)exp <_”%> dv—a.

n
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Distance Function Examples

Uniform Distribution on Unit Circle
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Distance Function Examples

Uniform Distribution on Cassini Curve
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\EHTE  Distance Function

Distance Function Examples

Cassini Curve with Outliers
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Methods

Distance Function Examples

Normal Distribution on Unit Circle
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Summary

Recalling the Problem

@ Sample from a distribution on a manifold.
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Summary

Recalling the Problem
@ Sample from a distribution on a manifold.
@ Create sample function (distance or density).

o Now, we have (unknown) P and (known) P,,.

Find ¢, such that P (WOO(P,T’\,,) > C,,) < a.

The pair 7/3; and [0, ¢,] define a confidence set for P.
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Ongoing Research

Mean Landscape
+Bootstrapped 95% band
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Ongoing Research
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